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The problem of t he rma l  conductivity for  an infinitely long composi te  cylinder is solved. 
The solution obtained pe rmi t s  ana lys i s  of a probe of finite dimensions  and the contact r e -  
s i s tance  between probe and casing. The exper imenta l  methodology is descr ibed  and r e -  
sults  a r e  presented for de te rmina t ion  of t he rma l  conductivity of aqueous solutions of ni t r ic  
and sulfur ic  acid at  low t em pe ra t u r e s .  

A var ian t  of the cyl indrical  probe method has been proposed for  invest igat ions of the t he rma l  con-  
ductivity of chemica l ly  act ive  substances .  In using a cyl indrical  probe with an externa l  protect ive  shield, 
it is important ,  on the one hand, to consider  the effect  of the shield thickness ,  and on the other hand, the 
contact  r e s i s t ance  which exis ts  between the in te r ior  sur face  of the shield and the m e a s u r e m e n t  hea te r  e l e -  
ment ,  both of which fac to r s  influence the final f o rm of the equation used in calculating resu l t s .  This prob-  
l em has not been solved to date. 

We will examine the p rob lem of development  of a t e m p e r a t u r e  field, c rea ted  by a composi te  infinite cy l -  
inder in an unbounded medium,  the in te r ior  port ion of  the cyl inder  being a volume heat source .  It is a s -  
sumed that the Four ie r  .number of this in ternal  port ion is sufficiently smal l .  This  pe rmi t s  one to neglect  
the t e m p e r a t u r e  dis tr ibut ion over  the c r o s s  sect ion of the in te r ior  port ion of the cylinder.  The external  
port ion of the composi te  cyl inder  is a thin-walled casing. A the rma l  contact r e s i s t ance  exis ts  between the 
in ternal  and externa l  port ions of the cyl inder .  The ex te r io r  sur face  of the cyl inder  has per fec t  contact with 
the surrounding medium. 

The problem may  be formula ted  as  follows: 
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T~ (r~, "0 = T:~ (r2, "~), (7} 

T~ (,, ~) < ~ ,  (~) 

w h e r e i n  the des igna t ions  Q = c0r l /2 ;  a = r lp l c  1 

Employ ing  the Lap l ace  t r a n s f o r m  r e l a t i v e  to t ime  -r and so lv ing  the s y s t e m  so obtained fo r  -T1 (P), we 
have  [..1] 1+  A 

T I ( p )  = -~--~ �9 h , (9 )  

H+ T 

w h e r e  

y / x  [K~ (x) Ix (y) - -  I ,  (x) K, (y)] Ko (z) -+- Kxz h.A_ [I0 (Y) K, (x)+l,(x) K0(Y)] 
r~ 

x=q~q; y=q , r  6 z=q~r s. 

The funct ion  TI  (P) b r a n c h e s  a t  p = O. Thus ,  in r e t u r n i n g  to the o r ig ina l  with the Lap l ace  i n v e r s i o n  
f o r m u l a ,  an  i n t e g r a t i o n  con tour  m u s t  be  s e l ec t ed  with a p ro f i l e  a long the nega t ive  r e a l  s e m i a x e s .  On this 
con tour  and within  it ,  ~'3 (P) is  a s i n g l e - v a l u e d  funct ion of p and has  no poles.  This  is e a s i l y  e s t ab l i shed  
by us ing  the a s y m p t o t i c  e x p r e s s i o n  fo r  cy t i ndmca l  funct ions  I v (x) ~- (1/~ 2 ~ ) e x p  (x), K v (x) -~ ~ 7r/2x exp ( -z )  
and s tudying  the b e h a v i o r  of the funct ion  in question fo r  l a r g e  p value~,  

On the  basks  of r e s i d u e  t h e o r y  and J o r d a n ' s  ~emma,  the zontour  i n t e g r a l  can be fotm~ by in t eg ra t ion  
a long  the l ine  of the p ro f i l e  and low c u r v a t u r e .  

Employ ing  the me thod  p roposed  by Gol s t e in  in [3], we expand the funct ion ~'1 (P) into a s e r i e s  in low 
power s  of p 

qQ In + ~ {~ In (13p) - -  ln' ([3p) - -  2} + -~8 In' + 0 (p) , (10> 7'1 (P) ~ - -  2~,3 ,~a~ 

w h e r e  
2~ 3 2~ s _ r~exp(~?) in w -- d- In r '  

4a~ qH ~ q ' 

and 7 i~ Eulet-'s eonst/nt. 

Integrating Eq, (i0) by terms, and using the values of the Eq. (I0) integrals along the chosen contour 
of Eq. (i), we obtain, for large Fo 

l n 4 Y o - - ? +  qH q 2Fo 

{ ( <)} ( , )  aas l n 4 F o - - 7 - t -  2~3 +2K~ln r. + 0  ~ , (11) • In 4Fo--  7 + 1-- r1~'3 q H  

w h e r e  Fo = %r/r~.  

t t  fo l lows  [ r o m  Eq. 0-1) tha t  the c u r v e  of Tt as  a funct ion of In Fo has  a r e c t i l i n e a r  a s y m p t o t e  with a n  
angu la r  coe f f i c i en t  equa~ to  r tQ / Z~,~; 

T~ (.J ~. r'Q [ ln 4Fo-- ? -[- 2~'~ _,_ 2K~ ln r~ ? 

On the b a s i s  of Eq. (12), it is  s i m p l e  to d e t e r m i n e  the t h e r m a l  conduc t iv i ty  of the ex t e rna l  med ium.  
Knowing the va lue s  T 1 0"l) and T 10"2) a t  d i f f e r ing  t i m e s ,  we find 

T~(T,)~T I(T1): QQ In T, . (13) 
2~3 ~:t 
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Hence 
In "q 

T 1 

Tx (x2) --  Tx (~1) 
(14) 

where 

/(1 = _Fl~ _I~ �9 

2 

where 

The thermal  conductivity of the external medium is determined by Eq. (12) 

a 3 -  K--L~x exp (;%K3 + T, (x) k]._), 

KI - - - ' -  K~ - -  In 2 ' = ~ e x p ( y ) ;  K3= r,H T ~  r~ 

(15) 

On the basis of the method described above, a device was constructed for determination of thermal  
conductivity of substances in the liquid and solid states.  

Sulfuric and nitric acids were studied, their thermal  conduetivities being determined over the t em-  
perature  interval  -180  to +20 ~ C. A variant  of the probe method was employed. 

The formula for calculation of the thermal  conductivity of the substances studied has the fo rm 

In ~2 
Ti (16) 

= K~ e ( ~ ) _  0 (~0 

The probe constant K 1 is found experimental ly with a reference  liquid. 

A diagram of the apparatus is presented in Fig. 1. 

The measurement  chamber  3 is constructed of stainless steel in the form of a cylinder. Internal 
chamber  dimensions are:  diameter ,  40 mm; height, 140 ram. The weight, wall thickness, and other cha r -  
ac te r i s t ics  of the chamber have negligible significance when determining thermal  conductivity by the probe 
method. 

The res i s tance  thermometer  5 and heater  4 a re  wound on the surface of the measurement  chamber,  
and a re  designed to stabilize the tempera ture  of the chamber and substance being studied. 

The measurement  probe is mounted coaxially within the chamber.  Probe dimensions are:  working 
length (heater length), 55 ram; diameter ,  1.2 mm. The probe has a combined heater  and res is tance  the r -  
mometer .  

The excess probe tempera ture  during the heating process  in the substances studied did not exceed 
0.5 ~ C. This permitted relating the thermal  conductivity values obtained to the initial tempera ture  and 
neglecting changes in power input values produced by changes in the res is tance  of the probe h e a t e r - t h e r -  
mometer .  

The change in power dissipation in the h e a t e r - t h e r m o m e t e r  produced by change in its res is tance  
f rom s tar t  to end of heating is 

AP = 12AR = 12R,[iht. (17) 

The ratio of the power increment  Ap to the power Pt is 

hP 12Rof3ht = [ih_____~t (18) 
Pt 1~Ro (1 + [it) 1 + [it 

For  a copper conductor at t = 0~ s  t = 0.2%, and at t = -196~  A P / P  t = 1%. 

The excess tempera ture  value is found by 

At _ _ _ A U  (19) 
IR0[i 
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Fig. 1. D iagram of appara tus .  

Fig. 2 

1) Dewar f lask;  2) liquid nitrogen; 
3) measurement chamber containing substance to be studied; 4) 
measurement chamber heater; 5) measurement chamber thermo- 
meter; 6) probe; 7) leads; 8) low-temperature vessel. 

Fig. 2. Electrical diagram of probe temperature measuring and 
recording system. I) Probe envelope; 2) heater- thermometer 
winding; 3) interlayer; 4) measurement chamber bottom. 

Measuremen t  and record ing  of t e m p e r a t u r e  a r e  pe r fo rmed  with a br idge c i rcui t  M (Fig. 2), in one 
of the legs of which the probe h e a t e r - t h e r m o m e t e r  is connected. The value of the r e s i s t ance  Rh_ t is de-  
t e rmined  f r o m  the ra t ios  of the br idge leg r e s i s t ances  at balance 

R~. R8 (20) 
Rh-t - R1 

In balancing the c i rcui t ,  switch S is placed in position I, the bridge cu r ren t  then being determined by 
R 4. In position II the m e a s u r e m e n t  diagonal is  connected to the e lec t ronic  automat ic  potent iometer  EAp,  
and the br idge is fed d i rec t ly  f r o m  the de voltage regu la to r  DCVR. If the unbalance voltage during probe 
heating exceeds  10 mV, unbalance voltage compensat ion  s teps a r e  manual ly  switched in with the low r e -  
s i s t ance  poten t iometer  LRP, ensur ing that the EAP c a r r i a g e  re tu rns  to i ts  initial  position. This affords  
convenience in r eg i s t r a t i on  and in te rpre ta t ion  of the t he rmograms .  

In studying the rma l  conductivity with the probe method, it is n e c e s s a r y  that there  be an equality 
and constancy of t e m p e r a t u r e  at e v e r y  point within the volume of the medium studied. The n e c e s s a r y  t e m -  
pe ra tu re  values  a r e  produced by the t he rmos t a t  sys tem.  

Exper imen t s  were  conducted as follows. Initially, the probe constant K 1 was determined.  The probe 
constant  was calculated f r o m  a t h e r m o g r a m  taken with g tyeer ine ,  then ver i f ied  with minera l  oil and d i s -  
tilled wa te r  t h e r m o g r a m s .  Minera l  oil, g lycer ine ,  and water  were  chosen since they have low, average ,  
and m a x i m u m  the rma l  eonductivi t ies among nonmetal l ic  liquids. 

The t h e r m o g r a m s  obtained on the EAP were  graphica l ly  constructed in new coordinates  (AU, In 7). 
The asympto te  to the function AU = f(ln ~-) thus obtained was constructed.  

Using the known the rma l  conductivity of the substance,  the constant K 1 can be found f r o m  the formula  

KI = ~.efg ae, (21) 

where  

(~2) - -  ~ (~1). .  
tg a e=  - -  

In "S! 
T 1 

The fo rmula  for  de te rmina t ion  of the t he rma l  conductivity of the substance to be studied has the f o r m  

1 
- ( 2 2 )  )~=K1 t g a "  
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Fig. 3. Thermal  conductivity of aqueous solutions of ni t r ic  (a) 
and sulfuric (b) acid ve r sus  tempera ture ,  a: 1) composit ion 
HNO 3 25%, H20 75%; 2) HNO 3 50%, H20 50%; 3) HNO 3 72%, N204 
3%, H20 25%; 4) HNO 3 95%, N204 3%, H20 2% (molar concen- 
trations), b: 1) composit ion H20 100%; 2) H2SO 4 25~, H20 75%; 
3) H2SO 4 50%, H20 50%; 4) H2SO 4 75~c, H20 25%; 5) H2SO 4 94%, 
H20 6%(weight concentrat ions);  h, W / m .  deg; t, ~ 

Knowing the angle of inclination of the asymptote  to the function AU = f(ln~), constructed graphical ly 
f rom the the rmogram of probe heating in the substance to be studied (in the same coordinate scale ,  in which 
K 1 was found), and knowing the value of Ki, we determine  the thermal  conductivity of the substance. 

Since the the rmogram is constructed in the coordinates (AU, In T) the above s ta tements  a r e  valid 
only for fixed tempera ture .  This is due to the fact that the coefficient of proport ional i ty  between AU and 
probe t empera tu re  changes and is dependent on probe current .  

For  any a r b i t r a r y  tempera ture ,  Eq. (22) can be rewri t ten,  allowing for  Eq. (19), in the fo rm 

~,--=. IT l__l__ (23) 
L-1 K1 t g a "  

The probe cur ren t  IT is determined f rom tempera tu re  T by the condition t h a t  

l~Rh_ t = const. 

The e r r o r  in determinat ion of X is no g rea te r  than 7%. 

Reproducibi l i ty of resul t s  at  eve ry  fixed t empera tu re  was within the l imits of 1%. 

The resu l t s  obtained for  thermal  conductivity for  the solutions mentioned above a re  presented in 
Fig. 3. 

The aqueous acid solutions were  produced f rom chemical ly  pure sulfuric  and ni tr ic  acid, obtained 
by double dist i l lat ion of the commerc ia l  products.  

Sulfuric acid concentrat ion was determined by density,  with a re la t ive  e r r o r  no g rea te r  than 1%. 

Analysis of the ni tr ic  acid was conducted by the volume method with t i t rat ion with a base. The 
e r r o r  in determining concentrat ion was 1%. Calculation of the ni trogen te t roxide content was done by the 
manganometr ic  method, with e r r o r  no g rea t e r  than 1%. 

The thermal  conductivity values of the 25 and 75% ni t r ic  acid solutions at  T = -35~ a re  significantly 
higher than those at the neighboring points of the t empera tu re  interval.  The same is t rue  of the 25~c sulfuric  
acid solution at T = -60~ This is evidently due to the fact that these t empera tu res  a re  within the region of 
a phase shift, where Eq. (22) for  determining thermal  conductivity r equ i res  refinement.  
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T1 (r) 
T 2 (r, r) 
T s (r, ~) 
X, Cl, Pt 

~2, as 
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H = i / R  
I0(x), II (x), 
K o(x), K 1 (x) 
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IT 

1~ 

2. 
3. 
4. 

N O T A T I O N  

is the t empera tu re  of the in ter ior  portion of the composite cylinder;  
is the t empera tu re  of the compound cylinder envelope; 
is the t empera tu re  of the external  medium; 
a re  the thermal  conductivity, specif ic  heat flux, and density of in te r io r  part  of cylinder;  
a re  the thermal  conductivity and thermal  diffusivity of compound cylinder envelope; 
a re  the thermal  conductivity and thermal  diffusivity of external  medium; 
is the power of volume heat source;  
is the radius of in te r io r  portion of composite cylinder;  
is the external  radius of composite cyl inder  envelope; 
where R is thermal  res i s t ance  between in ter ior  portion and envelope of cylinder;  

a re  the modified Bessel  functions of the f i r s t  and second types of zeroth and f i r s t  order ,  
respect ively;  
is the excess  probe tempera ture ;  
is the t empera tu re  res i s tance  coefficient;  
is the probe cur ren t  at  t empera tu re  at  which K 1 is determined;  
is the probe cur ren t  at t empera tu re  T. 
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